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We consider collision of two massive particles in the equatorial plane of an axially
symmetric stationary spacetime that produces two massless particles afterwards. It is
implied that the horizon is absent but there is a naked singularity or another potential
barrier that makes possible the head-on collision. The relationship between the
energy in the center of mass frame Ec.m. and the Killing energy E measured at infinity
is analyzed. It follows immediately from the Wald inequalities that unbounded E is
possible for unbounded Ec.m. only. This can be realized if the spacetime is close to
the threshold of the horizon formation. Different types of spacetimes (black holes,
naked singularities, wormholes) correspond to different possible relations between
Ec.m. and E. We develop a general approach that enables us to describe the collision
process in the frames of the stationary observer and ZAMO (zero angular momentum
observer). The escape cone and escape fraction are derived. A simple explanation of
the existence of the bright spot is given. For the particular case of the Kerr metric,
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3I. INTRODUCTION
Several years ago, an interesting observation was made, according to which collision of
two particles near the extremal Kerr black hole can lead to formally unbounded energy
Ec.m. in their center of mass (CM) frame [1]. Later on, it was shown that this phenomenon
has a universal character [2] and is inherent not only to extremal black holes but also to
nonextremal ones [3]. It is potentially important since it opens new channels of reaction
and allows one to probe physics near black holes including processes forbidden in laboratory
conditions. A huge series of works followed.
Recently, the emphasis moved from the phenomenon of ultra-high Ec.m. to the question
of what can be seen by an observer at infinity, who studies physics in a laboratory. In
particular, the most important issue is whether the energy at infinity E can be arbitrarily
high as well. If yes, then the phenomenon under discussion can contribute to the ultra-high
energy cosmic rays observed on Earth [4]–[6]. The question is, however, nontrivial, since
strong redshift can “eat” a significant part of the energy excess gain in the collision. Thus
high Ec.m. does not necessarily imply high energy E at infinity. It turned out that there
exist severe restrictions on E that make black holes not prospective in this regard [7]–[16].
On the other hand, systems without the horizon (in particular, naked singularities) exhibit
the possibility of unbounded E. For the first time, this was shown in Sec. VII of [17]. Quite
recently, a work [18] appeared in which this phenomenon was investigated in detail for the
Kerr overspun metric. The results of [18] were obtained by means of explicit calculations
carried out for this metric.
The problem under discussion is not only important from the theoretical viewpoint. It
was pointed out in [19] that superspinning Kerr metric can be relevant for astrophysics and,
moreover, exhibit high efficiency of energy extraction in collision processes [20, 21].
In the present paper, we stress that the phenomenon of unbounded E has a deep physical
underlying reason and can be simply explained in a couple of lines on the basis of the Wald
inequalities [22] extended to the collisional process. Also, we develop general approach in
which we derive the relevant features of collisions without specifying the form of the metric.
In the particular case of the Kerr metric, our results agree with those of [18].
The paper is organized as follows. In section II we analyze the Wald inequalities and apply
them in the context of particle collisions in various scenarios. In Section III we describe the
4collision in detail in the center of mass frame, the stationary frame, and the LNRF frame and
write out the relations between quantities of interest in them. In particular, we derive explicit
expressions for the Killing integrals of motion for the massless fragments in terms of Ec.m.
and the escape angles in the center of mass frame. Then we analyze the limit of large Ec.m..
The last section IV is devoted to the analysis of particles’ geodesic motion, in particular
to the possibility of the high-energy particles to escape to infinity in a slightly overspinned
naked singularity spacetime. We use the units, in which the fundamental constants are set
to unity, G = c = 1.
One reservation is in order. In our paper we do not consider the effects of the magnetic
field, which can, in principle, lead to new interesting consequences. In particular, it was
found earlier [23] that by inclusion of magnetic field around a rotating black hole the Wald
and Teukolsky inequalities for the Penrose process are overcome. In [24] it was also pointed
out for the first time that the efficiency of the process does not simply increase but can
exceed 100%. This issue needs further separate investigation.
II. ENERGY IN CM FRAME VERSUS KILLING ENERGY
In this context two related but different concepts of energy are used. The first one is
the energy of the colliding particles in their center of mass frame. It is defined at the event
of collision and it determines the collision process, in particular which of the channels of
reactions are open and which are not. Second, there are the Killing energies of the colliding
particles and of the resulting fragments. The Killing energy of a fragment is its energy
as measured at infinity. Therefore, it is of crucial interest whether this quantity can be
unbounded. The term “unbounded” in this context means that a quantity formally diverges
in the limit N → 0, where N is the value of the lapse function at the point of collision.
The particular methods to realize this limit vary for different scenarios and depend on
the geometry of the spacetime. It is worth noting that the above condition can be easily
formulated without a reference to a particular coordinate frame, as N2 = −ξµξµ can be
expressed covariantly via the two Killing vector fields.
It was obtained in [18] that the necessary condition for the formally divergent E is that
Ec.m. should diverge as well (see their Eq. (49) and discussion below). This was obtained for
the Kerr metric, for the collision in the equatorial plane. In this Section, we will show that
5actually this result (in some not quite explicitly articulated form) is already contained in
[6] (see Eqs. (2.22), (2.57) there) in a quite general setting, and not only for the equatorial
motion. We reproduce these results in a more direct way and apply them to the general
question regarding the relation between E and Ec.m.. The issue was not addressed in [6] as
at that time the corresponding context was absent. This is discussed below, as we consider
different possible relations between potentially divergent quantities, including E and Ec.m..
A. Two colliding particles as one compound particle
As is well known from textbooks, a particle’s mass µ can be found from the normalization
condition for its four-momentum pµ as
µ2 = −pµpµ; (1)
for massless particles pµ should be replaced with the wavevector kµ.
Let us consider the collision of a pair of particles with momenta pµ1 and p
µ
2 . By analogy
with the above, we can define the energy in the center of mass frame of the pair in terms of
its total four-momentum at the collision event P µ = pµ1 + p
µ
2 , as
M2 = −PµP µ. (2)
Using this notation one can always imagine the instantaneous system composed of one
compound particle of mass M ≡ Ec.m. and momentum P µ as an intermediate state in any
collision process. Although this depiction is only valid at the collision event, this is quite
sufficient to derive some important general relations.
B. General features of collisional Penrose process from Wald inequalities
In this section we show that some of the crucial properties of the collisional Penrose
process follow quite straightforwardly from Wald’s inequalities.
61. Two massless fragments
The Wald inequality [22] gives the range of possible energies for a fragment in the Penrose
process resulting from the decay of a particle in the ergosphere of a rotating black hole.
For the case when a particle with mass µ and Killing energy E decays into two massless
fragments, the inequality is for the ratio of the fragment’s frequency measured at infinity ω∞
to its emitted frequency ω measured in the rest frame of the decaying particle (see formula
in the footnote of [22]):
E
µ
−
√
E2
µ2
+ gtt ≤ ω∞
ω
≤ E
µ
+
√
E2
µ2
+ gtt. (3)
Here and below gtt is the value taken at the decay event.
For the collisional Penrose process we substitute E = E1 +E2 and µ = M , which for the
two photons with frequency ω emitted in opposite directions in the CM frame is M = 2~ω,
so (3) implies
E −
√
E2 + gttM2 ≤ 2~ω∞ ≤ E +
√
E2 + gttM2. (4)
We see that for finite gtt and E, the frequency measured at infinity ω∞ is unbounded only
if Ec.m. ≡M also diverges. The situation when both quantities are unbounded is possible in
the background of spacetimes with naked singularity and no horizon [17], [18]. An example
of the case when M diverge, while ω∞ stays finite, is the collisional Penrose process near
black holes (see discussion in Introduction above). Thus the divergence of M is necessary,
but not sufficient for the divergence of ω∞.
In the limit M →∞ the maximum possible value of the fragment’s energy at infinity is
(E∞)max ≡ ~ (ω∞)max ≈
√
gtt
M
2
. (5)
2. Two massive fragments
The process of a particle’s decay into two massive fragments in its center of mass frame
is described by three independent parameters, such as the two fragments’ masses and their
total energy, while the escape angles only affect how this process is seen by other observers
and, by extension, the fragments’ Killing energies. If one of the fragments with mass M ′
7has velocity v and Lorentz factor γ in the frame of the decaying particle, then, following
Sec. 7.65 of [25], one can derive the expression for the Killing energy E ′. For a reader’s
convenience, we outline briefly the derivation below.
One can express the four-velocity of a decaying particle u and the time-like Killing vector
∂t = ξ in terms of an orthonormal tetrad e
µ
(i) and U
µ, where Uµ is the timelike unit vector,
as
uµ = γ[Uµ + v(i)eµ(i)], (6)
ξµ = ξ(0)Uµ + ξ(i)e
(i)
µ . (7)
In terms of these tetrad components the quantities of interest are
gtt =ξµξ
µ = −ξ2(0) + |ξ|2; (8)
E
µ
=− ξµUµ = ξ(0); (9)
E ′
M ′
=− uµξµ = γ
[
ξ(0) − ξ(k)v(k)
]
; (10)
ξ(k)v
(k) = −|ξ| |v| cos θ, (11)
where |ξ| and |v| are the lengths of spatial vectors v(i) and ξ(i). The minus sign in the
definition of angle θ between the spatial components of u and ξ is chosen for convenience.
On substituting everything into Eq. (10), we get
E ′
M ′
= γ
E
µ
+ γ|v|
√
E2
µ2
+ gtt cos θ, (12)
which corresponds to Eq. (328) of Sec. 7.65 of [25].
In our case the decaying particle is replaced with the effective compound one as explained
above, so v, γ, and θ are measured in the center of mass frame of the colliding particles at
the collision.
For two identical fragments with masses m we have µ = M = 2γm, so, in terms of a
fragment’s Lorentz factor at infinity γ∞ = E ′/M ′, Eq. (12) implies
E − |v|
√
E2 + gttM2 ≤ 2mγ∞ ≤ E + |v|
√
E2 + gttM2. (13)
8Once again the observed energy at infinity can be unbounded only if the energy in the center
of mass frame M diverges. In this limit, M →∞, the maximal energy at infinity is
(E∞)max ≡ m (γ∞)max ≈ |v|
√
gtt
M
2
. (14)
In the particular case of the Kerr metric, this gives us the results of [18], obtained there by
direct calculations with transformations between different frames. In particular, the general
statement—that for γ∞ to be unbounded M also has to diverge—agrees with Eq. (49) and
subsequent discussion of [18].
C. Diverging metric coefficient
In deriving the above conclusions, we tacitly assumed that all metric coefficients remain
finite. There is a case of interest, however, when gtt → ∞. This corresponds to rapidly
rotating spacetimes, with formally divergent ω → ∞ (see Eqs. (17), (18) for the metric
below). Astrophysical significance of this situation is still unclear, but it can happen, in
particular, for wormholes [26]–[29]. In this limit both for massless (4) and massive (13)
fragments we find that the maximum energy at infinity is given by the same formulae (5)
and (14), so that
(E∞)max ∼
√
gtt →∞ (15)
even when M is finite. We see that this quite unusual result, obtained in the aforementioned
papers by detailed analysis of the conservation laws, can be simply explained with the help
of the Wald inequalities.
One reservation is in order here. When ω becomes larger and larger, the components of
the curvature tensor increase and the geometry approaches the singular case. However, one
can choose an intermediate range of parameters in which both the energy in the center of
mass and the curvature are very large but still in the classical domain, much less than the
corresponding Planck scales. See Sec. 4 of [28] for details.
9D. BSW effect with finite energy at infinity
For collisional Penrose process near black holes it was shown, that even when the BSW
effect takes place (so that M diverge), the efficiency of the Penrose process remains finite,
as E∞ remains bounded [6–9]. This case corresponds to µ = M → ∞, γ → ∞, v → 1 in
Eq. (12), so we have
E∞ ≈ √gtt M
2
cos θ. (16)
For the left hand side to be bounded, the escape velocities for those particles that reach
infinity must be restricted to an (infinitely) narrow cone, with cos θ → 0.
III. COLLISION IN LNRF AND CM FRAMES
A. A particle in rotating BH spacetime
We consider the motion of particles in the equatorial plane of an axially symmetric
stationary spacetime. Its metric can always be brought to the form
ds2 = −N2dt2 + gφ(dφ− ωdt)2 + α2dr
2
N2
. (17)
There are two Killing vectors, ∂t and ∂φ, so all metric functions depend only on the radial
coordinate r. The factor α can be chosen to be equal to 1 everywhere in the equatorial plane
by redefining the radial coordinate. We will also use notation
gt ≡ gtt = gφω2 −N2 (18)
for the tt component of the metric tensor. Although the considered spacetime is effectively
three-dimensional, we will use the usual terms 4-velocity, tetrad, etc.
A particle’s 4-velocity can be parametrized by its integrals of motion, E and L, in the
following way:
uµ =
(
− E,L, α
2
N2
Z
)
, uµ =
( X
N2
,
ωX
N2
+
L
gφ
, Z
)
. (19)
Here
X = E − ωL,
10
while Z (which can be both positive and negative) is determined from the normalization
condition:
α2Z2 = X2 −N2
(L2
gφ
+ 2
)
. (20)
For massive particles 2 = 1, while for massless ones 2 = 0. Hereafter we will assume α = 1.
For massive particles E and L are the energy and angular momentum per unit mass, and
for massless particles the worldline parametrization can be chosen so that they are either
energy and angular momentum, or unity and impact parameter respectively.
B. Particles in locally non-rotating frame
Let us consider the collision of two particles with 4-velocities uµ1,2, integrals of motion
E1,2 and L1,2, and respective values of parameters X1,2 and Z1,2 at the event of collision.
For informative description of the process it is convenient to use the locally non-rotating
frame (LNRF), attached to observers with zero angular momenta, orbiting at constant r
(also called orbiting zero angular momentum observers, OZAMOs) [30]. The 1-form tetrad
of this frame is
e(t)o = N dt, e
(φ)
o =
√
gφ(dφ− ωdt), e(r)0 =
dr
N
. (21)
The tetrad components of the two particles’ 4-velocities (19) are then
u(i)a = u
µ
a(e
(i)
o )µ =
(Xa
N
,
La√
gφ
,
Za
N
)
, a = 1, 2. (22)
and the total 4-momentum of the pair at the collision event is
P (i) ≡ (E , Pφ, Pr) = m1u(i)1 +m2u(i)2 . (23)
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Its components are
E ≡ X0
N
; (24)
Pφ ≡ L0√
gφ
; (25)
Pr ≡ Z0
N
, (26)
where (for a massless particle we should set mi = 1 and replace u
µ with kµ)
L0 = m1L1 +m2L2; (27)
E0 = m1E1 +m2E2; (28)
X0 = m1X1 +m2X2 = E0 − ωL0; (29)
Z0 = m1Z1 +m2Z2. (30)
Here L1,2 and E1,2 are the Killing energies of the particles per unit mass, and E0 and L0 (in
Roman script) are the total additive integrals of motion of the pair, while X0 and Z0 are
only defined in the collision event; all values of metric functions are taken at the collision
event.
The total three-momentum P and the mass, associated with energy E and momentum
P , are
P 2 = P 2r + P
2
φ ; (31)
M2 = E2 − P 2. (32)
In case the result of collision was the production of a single particle, its mass would be M . In
the general case it is the energy in the center of mass frame of the fragments. It is clear from
Eqs. (26), (30) and (32) that for the same energies and angular momenta of the colliding
particles, the energy in the center of mass frame is greater when they are traveling in the
opposite directions in the radial coordinate. Indeed, when Z1Z2 < 0, the absolute values
of Z0 and P are less than when Z1Z2 > 0, while X0 and E stay the same, which leads to
greater M in (32). This is a general property, not restricted to the case of the Kerr metric
[18].
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If the collision happens in the region where N is small, N  1, the formal limit N → 0
yields the following asymptotic behavior:
E ≈ E0 − ωL0
N
; (33)
Pr ≈ m1X1σ1 +m2X2σ2
N
, (34)
where
σa = signZa. (35)
All the metric functions other than N are taken here at the point of expansion: if there
is a horizon, where N turns to zero, this is the horizon, for a slightly overspinned naked
singularity spacetime this will be the point where N2 reaches the minimum.
Suppose the two colliding particles have the same mass m and fall from infinity with zero
velocity, so that E1 = E2 = 1 and E0 = 2m, then one of them is reflected from the effective
potential below the small N region and while on the outgoing trajectory collides with the
ingoing second particle. This is the regime in which M is maximized, as noted above. In
this case σ1 = +1, σ2 = −1, and
E ≈ m2− ω(L1 + L2)
N
; (36)
Pr ≈ mX1 −X2
N
= m
ω(L2 − L1)
N
. (37)
This is the generalization of Eq. (70) of [18] (Pφ is still given by Eq. (25)).
As discussed above, one can imagine any collision process going through an intermediate
virtual stage, in which there is only one particle present, carrying the total energy and
momentum of the system. Therefore the two quantities, M and E , completely determine
the initial conditions for the scattering event in the center of mass frame, except for the
escape angles, which depend on the details of the interaction.
We will see that the unbounded growth of the energy of collision in the center of mass
frame is due to the geometry of spacetime (the horizon is not formed but is on the threshold
of its formation), so our assumption about equal masses of colliding particles is not restrictive
and does not affect the overall picture.
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C. From LNRF to center of mass frame
The collision process looks simplest in the center of mass (CM) frame. This frame’s move-
ment with respect to the LNRF frame is characterized by velocity V = P/E , or equavalently
rapidity V = tanhχ, and the angle ψ between this velocity and the radial direction:
coshχ =
E
M
, sinhχ =
P
M
; (38)
cosψ =
Pr
P
, sinψ =
Pφ
P
. (39)
Then the transformation matrix from the LNRF frame to the CM frame for the tetrad
components of a 4-vector A(i) is the product of rotation and boost:
Acm = Λo→cmAo, Λo→cm = ΛboostΛrot, (40)
where the boost and rotation matrices are given by
Λboost =

coshχ 0 − sinhχ
0 1 0
− sinhχ 0 coshχ
 ; Λrot =

1 0 0
0 cosψ − sinψ
0 sinψ cosψ
 . (41)
The explicit direct and reverse transformation matrices then take form
Λo→cm =

coshχ − sinhχ sinψ − sinhχ cosψ
0 cosψ − sinψ
− sinhχ coshχ sinψ coshχ cosψ
 ; (42)
Λcm→o ≡ Λ−1o→cm =

coshχ 0 sinhχ
sinhχ sinψ cosψ coshχ sinψ
sinhχ cosψ − sinψ coshχ cosψ
 . (43)
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D. Collision in CM frame: reaction products
If the collision produces two massless particles, their 4-momenta in the CM frame will be
p
(i)
3 cm =
M
2
(1,+ sin θ,+ cos θ); (44)
p
(i)
4 cm =
M
2
(1,− sin θ,− cos θ). (45)
Here θ is the angle between their momenta and the radial direction, it is the free parameter
of the collision process. Hereafter we look at the first of the two new particles, with the plus
sign and subscript “3”, consider its energy and the possibility of its escape to infinity.
The particle’s momentum in the LNRF frame is (see (22) and definitions (27)–(30))
p
(i)
3 o = Λ
−1
o→cm p
(i)
3 cm = Λ
−1
rotΛ
−1
boost p
(i)
3 cm =
(X3
N
,
L3√
gφ
,
Z3
N
)
, (46)
with matrices Λrot and Λboost from (41), from which we obtain for its components
X3
N
=
M
2
[
coshχ+ sinhχ cos θ
]
; (47)
L3√
gφ
=
M
2
[
sinhχ sinψ + coshχ sinψ cos θ + cosψ sin θ
]
. (48)
Using Eqs. (38)–(39) and expressing the boost and rotation angles through the parame-
ters of the collision (24)–(26), we obtain
X3 =
X0
2
+N
P
2
cos θ (49)
and for the angular momentum
L3 =
L0
2
+
Λ
2
sin(θ − θL); (50)
Λ =
√
L20 + gφM
2; (51)
sin θL = −E
P
· L0
Λ
; (52)
cos θL =
Pr
P
·
√
gφ M
Λ
. (53)
Then the energy of the particle is E3 = X3 +ωL3, and after some lengthy but elementary
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algebra the expression can be brought to the following simple form:
E3 =
E0
2
+
W
2
sin(θ − θE); (54)
W =
√
E20 + gtM
2; (55)
sin θE = −E0X0 −N
2M2
NPW
; (56)
cos θE =
Pr
P
· ω
√
gφ M
W
. (57)
This is the much more general and simple form of the formulas (40) and (45) of [18] for the
Kerr metric (with our θ denoted in [18] as α).
We see that the expression for E3 is the analogue of Eq. (12), written for massive
fragments, and it implies the Wald’s inequality (4) for massless ones.
Below we will also make use of the angle difference
θ′ = θE − θL; (58)
sin θ′ = −
√
gφ Z0M
WΛ
; (59)
cos θ′ =
L0E0 + ωgφM
2
WΛ
. (60)
E. Large M limit
Suppose E3 → ∞. Then W → ∞ and M → ∞. The observed energy of the created
particle can only be divergent if the energy in the center of mass is. Let us consider the
asymptotic behavior of different quantities in the limit
M2 =
X20 − Z20
N2
− P 2φ → +∞, (61)
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where we have used (24)–(26) and (32). If we consider generic particles, with no fine-tuning,
then X0 and Z0 are both separated from zero and have different limits, so
1
M ∼ 1
N
→ +∞. (62)
a. Amplitudes. For the amplitudes Λ (51) and W (55) we have
Λ =
√
gφ M
(
1 +
L20
gφ
1
2M2
+O(N4)
)
; (63)
W = ω
√
gφ M
(
1 +
E20 + Z
2
0 − X20
gφω2
1
2M2
+O(N4)
)
. (64)
From (49) we see that X3 remains finite: X0 is bounded, and P ∼ Pr ∼ 1/N , so in the
zeroth order by N it is equal to
X3 ≈ X0
2
+
|Z0|
2
cos θ. (65)
b. Angles. Of the trigonometric functions of angles θL and θE it is sufficient to derive
only two asymptotes, while bearing in mind all the signs: from (52) and (53) we have
sin θL = −X0
M
Pφ√
Z20 + P
2
φN
2
(
1− L
2
0
gφ
1
2M2
+O(N4)
)
∼ N ; (66)
cos θL ≈ sign(Z0). (67)
Likewise, using also (59) and (60), we derive the expansions for θ′ in the following form:
sin θ′ = −Z0
M
1
ω
√
gφ
(
1− Z
2
0 + 2ωE0L0
gφω2
1
2M2
+O(N4)
)
(68)
= − N
ω
√
gφ
v0γ0 cosψ ∼ N (69)
cos θ′ ≈ +1, θE ≈ θL. (70)
Thus all angles θL, θE, θ
′ are small and of the order of N . There is a narrow cone with
1 If one of the particles is fine-tuned (the so-called critical particle, see e.g. [2] for more details), which is
necessary for the BSW effect, then X20 − Z20 ∼ N and the asymptote is different M ∼ N−1/2. We will not
consider this case here.
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the angle O(N) around the radial direction θ = 0, in which E3 and L3 are finite despite
diverging M , while for all other angles both E3 and L3 diverge as M ∼ 1/N .
In the generic situation Z0 6= 0, so
θL ∼ θ′ ∼ θE ∼ N ; (71)
There is also a special case, corresponding to such fine-tuning of the particles’ parameters,
that the composite particle has zero radial velocity, Z0 = 0 and Pr = 0. In this case from
(59) and (53) we find immediately that θ′ = 0 and cos θL = 0 exactly, and taking into
account the signs, we have
sin θL = sin θE = −1, (72)
exactly.
c. Impact parameter. When both Λ and W diverge, and θ is not in the narrow cone
∼ O(N), the impact parameter tends to
b3 ≡ L3
E3
≈ Λ
W
≈ 1
ω
, (73)
as follows from (50), (54), (63), and (64). In order to find the asymptotic behavior in the
next order of magnitude, we use the expansions for all quantities both in numerator and
denumerator, retaining terms of the order of N2, and after some algebraic transformations
obtain
b3 =
1
ω
[
1− N
ω
√
gφ
E + Pr cos(θ − θE)
M sin(θ − θE) +O(N
2)
]
(74)
All the metric coefficients here are taken at the point of collision.
It appears to be more convenient below to use the inverse impact parameter
β3 ≡ E3
L3
= b−13 = ω +
N√
gφ
E + Pr cos(θ − θE)
M sin(θ − θE) +O(N
2). (75)
As in the considered limit Pr = P (1 + O(N
2)), and θE ∼ N , when the angle is not small,
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θE can be omitted, and this expression can be brought to
β3 = ω +
N√
gφ
E + P cos θ
M sin θ
+O(N2). (76)
It is worth noting that both the energy and spin of the central gravitating compact object
(black hole, singularity or overspinned black hole) changes as a result of the processes we
considered. However, as long as its overall structure is preserved, e.g. a naked singularity
does not convert into a black hole, the results should remain valid. More detailed treatment
would include backreaction of particles on the metric itself but this very interesting (although
quite difficult) task is beyond the scope of our paper and can be a subject of future research.
F. Parameters of colliding particles
Let us consider the 4-velocity of one of the colliding particles in the center of mass frame
u(i)a cm = (u
(t)
a cm, u
(φ)
a cm, u
(r)
a cm), a = 1, 2,
in terms of its integrals of motion. The particle’s 4-velocity is given by (19) and its tetrad
components in the LNRF frame (22). Using the transformation matrix (42) between the
LNRF and CM frames, for its 4-momentum in the CM frame we get
u(t)a cm = coshχ
Xa
N
− sinhχ sinψ La√
gφ
− sinhχ cosψ Za
N
; (77)
u(φ)a cm = cosψ
La√
gφ
− sinψ Za
N
; (78)
u(r)a cm = − sinhχ
Xa
N
+ coshχ sinψ
La√
gφ
+ coshχ cosψ
Za
N
. (79)
These formulae are the analogues of Eqs. (72)–(74) of [18].
Let there be no fine-tuning, so that Z0 (30) is not small and Pr ∼ N−1 (26) is large.
Then E ,M, P, Pr ∼ N−1 are all large, while La = O(1), so ψ (39) is close to either zero or
pi, depending on the sign of Pr, which determines the direction of motion of the composite
particle in the radial direction:
cosψ ≈ sign(Pr) = sign(Z0) ≡ σ = ±1.
19
In this limit
u(t)a cm ≈
Xa coshχ− σZa sinhχ
N
; (80)
u(φ)a cm = σ
La√
gφ
− Pφ
P
Za
N
; (81)
u(r)a cm ≈
σZa coshχ− Za sinhχ
N
. (82)
For usual particles, with Xa not fine-tuned to be small, Za = σaXa + O(N
2), where σa =
signZa (35), therefore
u(t)a cm ≈
Xa
N
[coshχ− σσa sinhχ]; (83)
u(r)a cm ≈ σσau(t)a cm. (84)
It can be verified that m1u
(t)
1 cm and m2u
(t)
2 cm add up to M in this limit, as they should.
Taking into account (24)–(30), for the φ component of particle 1’s velocity we have
u
(φ)
1 cm = g
−1/2
φ
L1 ·m2Z2 − L2 ·m1Z1
|m1Z1 +m2Z2| . (85)
IV. HIGH-ENERGY PARTICLES AT INFINITY
A. The whale diagram and escape cones
It is often convenient to analyze a particle’s motion in an axially symmetric stationary
spacetime in terms of angular velocities. Let a particle’s angular velocity be
Ω =
dφ
dt
=
uφ
ut
. (86)
Then writing the normalizing condition for the four-velocity in the form (2 = 0 for massless
particles and 2 = 1 for massive ones)
− 2 = (ut)2[gt + 2Ωgtφ + Ω2gφ + grrv2r], (87)
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where vr = dr/dt, we obtain the possible range for the angular velocity Ω from the inequality
(Ω− ω)2 ≤ N
2
gφ
, (88)
which becomes equality only for massless particles with zero radial velocity. Then
Ω ∈ (Ω−,Ω+), Ω± = ω ± δΩ, δΩ =
√
N2
gφ
, (89)
The three metric functions ω and Ω± can be called “natural angular velocities”, as they
define a particle’s kinematics in the rotating stationary spacetime.
Figure 1 shows the natural angular velocities for the near-extremal (solid blue), extremal
(dashed black), and slightly overspinned naked singularity (dash-dotted red) Kerr metric
and the same graphs for the Kerr-Newman metric (see e.g. [31]) with a = Q, as functions of
dimensionless radial coordinate ξ = ρ/µ. Here ρ is the Boyer-Lindquist coordinate, which
differs from r used in this work by a smooth bounded factor separated from zero; µ is the
black hole’s mass.
On the left we have two sets of curves, for the near-extremal black hole with the di-
mensionless rotational parameter a = 0.995, and for the near-extremal naked singularity
spacetime with a = 1.005. On the right the same two sets of curves are shown, plus that
for the extremal black hole with a = 1, in greater detail close to the region ξ = 1 (the
three curves for ω are overlapping so not all colors are visible). The parameters used for
Kerr-Newman are shown on the legend.
We can see that the graphs of the three functions in the Kerr black hole spacetime (solid
blue curves on top left graph) form a figure resembling that of a fish, or a whale, which
is swimming towards the strong field region, its tail stretching towards the asymptotically
flat infinity; its back is composed of Ω+(r), the bottom of Ω−(r), middle line of ω(r). At
the ergosurface ξ = 2 the bottom line crosses the zero level, and the forehead, where all
three curves converge, touches the horizon. For the extremal Kerr black hole the forehead
of the whale changes into a sharp horn; in the naked singularity spacetime the horn turns
into a trunk or tentacle, extending towards the circular singularity ξ = 0 (this last part is
sensitive to the specific metric). Referring to the black hole solution, we call all such graphs
the “whale diagrams”.
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The “trunk” in the strong field region is different for Kerr-Newman, but the behavior in
the small N region and in the outer region, which determines whether high-energy particles
escape to infinity or not, is the same. For generic black hole/singularity spacetimes the
graphs can be expected likewise to be modified quantitatively, but not qualitatively.
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FIG. 1: The whale diagram, which shows the three natural angular velocities for the Kerr and
Kerr-Newman metrics. The two figures above are for the Kerr metric, the two below for Kerr-
Newman. All graphs are for the natural angular velocities Ω−, ω,Ω+ as functions of dimensionless
radial coordinate ξ = ρ/µ. The graphs on the right show the most interesting regions zoomed in.
Solid blue curves show the omegas for near-extremal black holes, dashed black ones correspond to
extremal cases (only displayed in the zoomed in versions), dash-dotted red curves are for slightly
overspinned naked singularity solutions. Parameter values are given in the legend. The curves
for black holes form a figure that resembles that of a whale, so we call these diagrams “whale
diagrams”. We see that graphs for Kerr and Kerr-Newman differ in the strong field region, but
their behavior in the outer region and near the horizon, which determines whether high-energy
particles escape to infinity or not, is the same. For generic black hole/singularity spacetimes the
graphs can be expected likewise to be modified quantitatively, but not qualitatively.
The angular velocity is nice, but it is not an integral of motion. Let us recast the same
inequality in terms of the inverse impact parameter β, which can be recovered from (see uµ
22
in (19))
Ω ≡ u
φ
ut
= ω +
L
X
N2
gφ
= ω +
δΩ2
β − ω , (90)
and therefore
(Ω− ω)(β − ω) = δΩ2. (91)
From this equation we see that, while Ω lies inside the whale, the inverse impact parameter
β lies outside the whale:
(Ω− ω) ∈ δΩ · [−1, 1] ⇔ (β − ω) /∈ δΩ · [−1, 1]. (92)
At the same time β is an integral of motion, so β remains constant along a geodesic and
the whale figure plays the role of an effective potential graph, which determines the regions
where particles with given integrals of motion can or cannot exist.
The authors of [18] in this context use b = β−1 (see Fig. 2 on p. 10). We think, however,
that β is more convenient, as this way all the necessary data is contained in the form of
a connected region (the “whale”), which is only unbounded in the direction of asymptotic
infinity. It should also be noted, that the mentioned Fig. 2 of [18] can be misleading: the
curves b+ and b− for the naked singularity spacetime seem to intersect there, even though
they shouldn’t, which is seen clearly on the figure in color. The curves b+ and b− only
intersect at the singularity, where r = 0, and at the horizon, where N2 = 0 (see e.g. Eq.
(26) there), if that exists. So for a naked singularity spacetime, in which there is no horizon,
there should only be one intersection – at the singularity.
Now let us recast β3, obtained above, in terms of these parameters:
β3 = ω +
N√
gφ
E + P cos θ
M sin θ
+O(N2) (93)
= Ω+ + δΩ
(E + P cos θ
M sin θ
− 1
)
+O(N2); (94)
= Ω+ + δΩ
1 + sin(Φ− θ)
cos Φ sin θ
+O(N2), (95)
where δΩ ∼ N and
sin Φ =
P
E = tanhχ = v, cos Φ =
M
E = cosh
−1 χ = γ−1. (96)
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We see that (β3 − Ω+) is positive for particles with sin θ > 0, as it should be, and of the
first order in N : the particles with diverging energies and momenta are created just above
the whale’s back (Ω+) in the region where N
2 is small. The qualitative result should have
been evident without any specific calculations.
If we are dealing with a black hole, this means that the highly energetic particles are
created right above the whale’s forehead, which is below the top of its head, and due to the
hump – the maximum of Ω+ – they cannot escape to infinity. Only in the near-extremal case,
when the hump is very low, we can achieve large Killing energies of the escaping particles.
If we are dealing with naked singularity, however, the situation is different: as N2 does not
turn to zero anywhere, the Ω± curves converge, but do not intersect. The forehead grows a
trunk extending to the singularity, pointing upward and to the left, with its upper boundary
Ω+ monotonically falling away from the region where N
2 has minimum, so the hump is
absent and particles a) reflect from the trunk in the strong field region on the left and b)
escape unhindered to infinity on the right.
B. The bright spot
The escaping particles all have the value of β3 in the zeroth order by N equal to Ω+ ≈ ω
at the point of collision, so their impact parameters tend to
b3 ≈ 1
ω
∣∣∣
collision
.
Thus the ray of high-energy particles is seen at infinity as emerging from a “bright spot” at
the equatorial plane, with this impact parameter. As the particles have large and positive
E3 and L3, they are co-rotating with the black hole or singularity.
For the Kerr near-extremal spacetime ω at the horizon (or where N is small) is 1/(2M),
so the impact parameter is 2M . This is the Eq. (118) of [18].
In the ZAMO frame the tetrad components of a particle’s 4-velocity are given by Eq.
(22). Therefore the angle θz that the high energy particles’ velocity make with the radial
direction in this frame at the point of collision is given by
tan θz =
u
(ϕ)
3
u
(r)
3
=
L3/
√
gϕ
Z3/N
. (97)
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Using Eq. (20) for Z3 with 
2 = 0 there (for a massless fragment), we then obtain
sin θz =
NL3
X3
√
gφ
> 0, Z3 cos θz > 0. (98)
Using Eqs. (50) for L3, (65) for X3, and (61) for M , we obtain
sin θz ≈ NM
X3
≈ 2
√
X20 − Z20
X0 + |Z0| cos θ . (99)
C. Escape fraction
We have seen, that the products of the collision at small N for almost all angles θ have
respectively large energies and angular momenta, with their ratio β, the inverse impact
parameter, being close to ω at the point of collision. From (54) we see that only particles
with (θ − θE) ∼ N have E3 and L3 bounded. As θE is also of the order of N (71), this
means that only particles created in a narrow cone θ ∼ N around radial direction do not
have large Killing energies and angular momenta. Those that are not created in this narrow
cones have diverging E3 and L3, either positive or negative, with almost the same value of
impact parameter b3.
Let us assume for simplicity that the distribution of the particles in the center of mass
frame is independent of the small parameter N and is isotropic. Then almost half of the
created particles, with sin θ > 0, are created with large positive E3 and L3. According to
the previous section, they are situated just above the forehead/horn/trunk on the whale
diagram. In the black hole case with the forehead, they cannot escape to infinity due to the
potential barrier, but in an overspinned spacetime with the trunk they can and do escape
to infinity (we do not discuss here the case of extremal black holes).
The other half of the particles, with sin θ < 0, has large negative E3 and L3. On the
whale diagram they are situated just below the trunk and can only travel in the direction of
smaller r.
This is what happens when the distribution of created particles in the center of mass
frame is isotropic, as assumed in [18]. This may not be very realistic assumption. The two
colliding particles in the center of mass frame have large energies and momenta along the
radial direction (84). Therefore realistic distributions can be highly anisotropic, with the
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distinguished radial direction, depending on the specific particles colliding. This issue could
be clarified if the detailed mechanism of interaction between colliding particles is taken into
account, but this problem is far beyond the scope of our paper.
The value of the escaping fraction was obtained in [18] through detailed calculations of
allowed angles depending on the sign of Z0. Although these details can be of interest on
their own, we see that, inasmuch as we are interested in the escape fraction in the large M
limit, they are not necessary.
V. CONCLUSION
We derived general formulas which describe the process of collision of two massive parti-
cles producing two massless ones. It was shown that the relation between the energy in the
center of mass frame Ec.m. and the Killing energy of a fragment E follows immediately from
the Wald inequalities; that divergence of Ec.m. is a necessary, but not sufficient, condition for
the divergence of E. This, in particular, enabled us to understand the previous results for
the particle collisions near the wormhole throat, when the strong inequality E  Ec.m. can
take place. The connection between the details of the collision process in the stationary and
the ZAMO (LNRF) frames was analyzed extensively, and the geometry of the escape cone
was described in the general setting. The existence of a bright spot follows immediately from
those general formulas. We also found the escape fraction of the fragments after collision.
In the particular case of the Kerr metric our results agree with those of [18].
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Appendix A. Derivation of formulas for L3 and E3
Here we present in more detail the calculations for the integrals of motion E and L of one
of the fragments (50–60) in terms of the collision parameters in the center of mass frame, M
and θ, and the tetrad components of the frame’s momentum in the LNRF frame (24)–(26),
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as presented in section III D.
We start from Eq. (48) for L3. It is a linear combination of sin θ and cos θ, which can be
simplified step by step by using the expressions for χ (38) and ψ (39) as follows:
L3√
gφ
=
M
2
[
sinhχ sinψ + coshχ sinψ cos θ + cosψ sin θ
]
(100)
=
L0/2√
gφ
+
1
2
[
M cosψ sin θ + E sinψ cos θ] (101)
=
L0/2√
gφ
+
1
2
[
M
Pr
P
sin θ + E Pφ
P
cos θ
]
(102)
=
L0/2√
gφ
+
1
2
√
M2 + P 2φ sin(θ − θL), (103)
where
cos θL =
Pr
P
M√
M2 + P 2φ
, sin θL = −Pφ
P
E√
M2 + P 2φ
. (104)
This can be more elegantly written in terms of
Pφ3 ≡ L3√
gφ
=1
2
Pφ +
1
2
√
P 2φ +M
2 sin(θ − θL), (105)
=
L0/2√
gφ
+
√
X20 − Z20
2N
sin(θ − θL), (106)
sin θL = − Pφ/P√
1− Z20/X20
, Pr cos θL > 0, (107)
which brings us to (50)–(53).
The expression for energy can then be transformed in the following way: from the defi-
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nition of X3 = E3 − ωL3, which is given by Eq. (49), we get
E3 = X3 + ωL3 =
X0
2
+ ω
√
gφ Pφ3 +
PN
2
cos
(
θL + (θ − θL)
)
(108)
=
E0
2
+
N/2√
M2 + P 2φ
{
MPr cos(θ − θL)+
+
(
EPφ + ω
√
gφ
N2
[
M2 + P 2φ
])
sin(θ − θL)
}
=
E0
2
+
N
2
√√√√√M2P 2r + (EPφ + ω√ gφN2 [M2 + P 2φ])2
M2 + P 2φ
sin(θ − θL − θ′),
=
E0
2
+
W
2
sin(θ − θL − θ′), (109)
where the amplitude W is further simplified
W 2 = N2
M2P 2r +
(
EPφ + ω
√
gφ
N2
[
M2 + P 2φ
])2
M2 + P 2φ
(110)
=
(
ω
√
gφ E +NPφ
)2 − gtP 2r (111)
= E20 + gtM
2; (112)
and the new angle θ′ is given by
sin θ′ = −
√
gφ Z0M
WΛ
; (113)
cos θ′ =
L0E0 + ωgφM
2
WΛ
. (114)
Using the expressions for sin θL, cos θL, sin θ
′, cos θ′ from (52,53,59,60), the definitions of
E , P, Pr, Pφ,M from Eqs. (24–32), and some more algebra, we can obtain θE ≡ θL + θ′:
sin θE ≡ sin(θL + θ′) = NM
2 − E0E
PW
; (115)
cos θE ≡ cos(θL + θ′) =
Pr · ω√gφ M
PW
. (116)
Gathering together the expression for E3, we arrive to (54)–(57).
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Appendix B. Expansions at small N
In this section we provide more detailed derivation of the expansions for various quantities
of interest, used in subsection III E, for N  1.
a. Amplitudes. For the angular momentum amplitude we have
Λ =
√
gφ M
(
1 +
L20
gφ
1
2M2
+O(N4)
)
; (117)
and for the energy
W =
√
gt M
(
1 + 1
2
E20
gtM2
+O(N4)
)
(118)
= ω
√
gφ M
(
1− 1
2
N2
gφω2
+ 1
2
E20
gφω2M2
+O(N4)
)
(119)
= ω
√
gφ M
(
1 +
E20 + Z
2
0 − X20
gφω2
1
2M2
+O(N4)
)
. (120)
b. Angles. The three angles are related by θ′ = θE−θL, so of 6 functions for their sines
and cosines it is sufficient to derive only two asymptotes (and bear in mind all the signs).
For θL we get
sin θL = −X0
M
Pφ√
Z20 + P
2
φN
2
(
1− L
2
0
gφ
1
2M2
+O(N4)
)
(121)
= −γ0 sinψ
(
1− L
2
0
gφ
1
2M2
+O(N4)
)
∼ N ; (122)
cos θL ≈ sign(Z0) ≡ σ. (123)
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Likewise for θ′
sin θ′ = − Z0
ω
√
gφ M
(
1− 1
2
L20
gφM2
− 1
2
E20 + Z
2
0 − X20
gφω2M2
+O(N4)
)
(124)
= − Z0
ω
√
gφ M
(
1− Z
2
0 + 2ωE0L0
gφω2
1
2M2
+O(N4)
)
(125)
= −Z0
M
1
ω
√
gφ
(
1− Z
2
0 + 2ωE0L0
gφω2
1
2M2
+O(N4)
)
(126)
= − N
ω
√
gφ
v0γ0 cosψ
(
1− Z
2
0 + 2ωE0L0
gφω2
1
2M2
+O(N4)
)
∼ N ; (127)
cos θ′ ≈ +1, θE ≈ θL (128)
Thus all angles θL.θE, θ
′ are small and of the order of N . There is a narrow cone with
the angle O(N) around the radial direction θ = 0, in which E3 and L3 are finite despite
diverging M , while for all other angles both E3 and L3 diverge as M ∼ 1/N .
In the generic situation Z0 6= 0, so we have θL ∼ θ′ ∼ θE ∼ N (71).
c. Impact parameter. When both Λ and W diverge, and θ is not in the narrow cone
∼ O(N), the impact parameter tends to
b3 =
L3
E3
=
L0 + Λ sin(θ − θL)
E0 +W sin(θ − θE) ≈
Λ
W
≈ 1
ω
. (129)
Let us find the asymptotic behavior in the next order of magnitude.
b3 =
Λ sin(θ − θL)
W sin(θ − θE)
(
1 +
L0
Λ
sin−1(θ − θL)− E0
W
sin−1(θ − θE) +O
(E0
W
)2)
. (130)
With the help of
sin(θ − θL) = sin(θ − θE) cos θ′ + cos(θ − θE) sin θ′ (131)
= sin(θ − θE)
[
1 + sin θ′ cot(θ − θE)
]
+O(N2), (132)
1
sin(θ − θL) =
1
sin(θ − θE)
[
1− sin θ′ cot(θ − θE)
]
+O(N2), (133)
30
this can be transformed to
b3 =
Λ
W
[
1 + sin θ′ cot(θ − θE) +O(N2)
]
(134)
×
(
1 +
L0
Λ
sin−1(θ − θL)− E0
W
sin−1(θ − θE) +O(N2)
)
(135)
=
1
ω
(
1 +O(N2)
)[
1− Z0
Mω
√
gφ
cot(θ − θE) +O(N2)
]
× (136)
×
(
1 +
L0√
gφ M
sin−1(θ − θL)− E0
ω
√
gφM
sin−1(θ − θE) +O(N2)
)
(137)
=
1
ω
[
1− Z0
Mω
√
gφ
cot(θ − θE) +O(N2)
]
× (138)
×
(
1 +
sin−1(θ − θE)
ω
√
gφ M
[− E0 + ωL0(1−O(N))]+O(N2)) (139)
=
1
ω
[
1− Z0
Mω
√
gφ
cot(θ − θE) +O(N2)
]
(140)
×
(
1− X0
ω
√
gφ M
sin−1(θ − θE) +O(N2)
)
(141)
=
1
ω
[
1− N
ω
√
gφ
E + Pr cos(θ − θE)
M sin(θ − θE) +O(N
2)
]
<
1
ω
. (142)
We should remember, that all the metric coefficients here are taken at the point of collision.
Now suppose that
ω = ω0 − ω1N +O(N2),
where ω0 is the value of ω at the point where N
2 = 0. Then
b3 =
1
ω0
[
1 +N
(ω1
ω0
− E + Pr cos(θ − θE)√
gt M sin(θ − θE)
)
+O(N2)
]
. (143)
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